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Capillary rise is one of the most well-known capillarity; however, no single and complete analytic
solution has ever been obtained yet. This paper used the singularity-free equation, and successfully
obtained its Taylor’s series solution. The solution revealed that capillary rise dynamics is mainly
controlled by the Bond number and the Galileo number, while the Bond number is a key parameter
within the solution. To avoid the poor rate of convergence of Taylor’s series solution, an approximate
analytic solution was proposed, which was verified numerically.
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Capillary rise is one of the most well-known and vivid
illustrations of capillarity (shown in Figure 1). Knowl-
edge of capillarity laws is important in oil recovery, civil
engineering, dyeing of textile fabrics, ink printing, and a
variety of other fields. It is capillarity that brings water
to the upper layer of soils, drives sap in plants, or lays
the basis for the operation of pens [1–10].
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FIG. 1: The dynamics of capillary rise, capillary hight h(t),
surface tension σ, capillary tube radius a, wetting angle θ,
gravity g, inclined angle ψ
Washburn [1] developed an equation to describe the
rate of liquid penetration into small cylindrical capillar-
ies based on the Poiseuille flow profile, when neglect-
ing the air resistance, a commonly used form of Lucas-
Washburn’s equation is 8µhdhdt + ρgha
2 sinψ = 2aσ cos θ.
When the gravitational force is negligible, a well-known
Washburn’s law can be obtained with the initial condition
h(0) = 0: h =
√
aσ cos θ
2µ t, which predicts burst-like be-
havior with the velocity being infinite at zero time. This
singularity of the solution highlights a deep inconsistency
of the above equation [2]. Taking into account the liq-
uid’s momentum in the tube and end-effect drag on the
fluid entering the tube, Brittin [3] derived a more rigorous
formulation of the Lucas-Washburn equation, as follows:
hd
2h
dt2 +
5
4 (
dh
dt )
2 + 8ρa2µh
dh
dt + gh =
2
ρaσ cos θ, where µ is
the viscosity. The most popular equation is its cosmetic
format hd
2h
dt2 + (
dh
dt )
2 + 8ρa2µh
dh
dt + gh =
2
ρaσ cos θ, how-
ever, it has a singularity of t = 0, namely h˙ = dhdt → ∞
as t→ 0, which would lead to an ill-posed problem. This
equation cannot even deal with the natural initial condi-
tions h(0) = h˙(0) = 0. Hence, formal remedy has to be
taken h˙(0) =
√
2σ cos θ/(ρa) [4], neglecting such a logical
drawback as the acceleration of the liquid front at zero
time, which is infinite.
This singularity problem was first pointed out by
Szekely et al.[5], who successfully removed the singular-
ity problem by composing the correct energy balance for
the entry flow: (h+ 76a)
d2h
dt2 +1.225(
dh
dt )
2+ 8µρa2h
dh
dt +gh =
2σ
ρa cos θ. Maggi, et al. [6] and Bush [7] derived a sim-
ilar equation with a different coefficient of (dhdt )
2. The
singularity-free equation of capillary rise dynamics was
formulated as follows:
(h+
7
6
a)
d2h
dt2
+
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2
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dh
dt
)2 +
8µ
ρa2
h
dh
dt
+ gh =
2σ
ρa
cos θ, (1)
with initial height and velocity boundary conditions of
h(0) = 0, h˙(0) = 0. (see the Supplementary).
Despite researching capillary rise dynamics for cen-
turies, however, no satisfied complete solution has yet
been found. Some obtained asymptotic solutions have
never been matched together to form a complete solution
that is valid for the whole time domain, therefore, capil-
lary rise dynamics is still remained as unsolved problem.
It would be natural attempts to seek a complete solution
that is valid for entire time domain.
Eq.(1) is a nonlinear ordinary differential equation,
whose series solution is h(t) =
∑∞
n=0 cnt
n = 6σ cos θ7ρa2 t
2 −
3σ cos θ(7gρa2+24σ cos θ)
343ρ2a5 t
4 − 864µσ2 cos2 θ1715ρ3a7 t5 + O(t6), which
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2gives the non-zero initial acceleration h¨(0) = 127
σ cos θ
ρa2 .
However, the rate of convergence of this solution is slow
and useless for practical application. It would be nat-
ural to propose a simple solution for the capillary rise
dynamics.
In physics, the entire capillary dynamics process can
be qualitatively described as follows: in an infinite reser-
voir the capillary rise and the velocity are zero in the
initial state. Due to the effect of the surface tension,
the capillary liquid obtains initial acceleration (the ini-
tial acceleration must never be zero), and begins to rise
at a relatively uniform velocity, while the surface tension
plays a dominant role in the ascending phase; however,
as the capillary rises, wall frictions and gravity begin to
work in an attempt to prevent the rise of the capillaries,
and their joint action succeeds in decelerating the capil-
laries to a point, until the capillaries are finally stopped.
Surface tension and wall resistance, as well as gravity to
achieve unity of opposites, and the capillary dynamics
process are attributed to calm.
From the above perspective, the capillary liquid will
rise to a stationary level, while the height and velocity
result in h → H = 2σ cos θρga and h˙ → 0 at t → ∞, re-
spectively. To satisfy the conditions, we can obtain the
capillary rise (see the Supplementary materials)
h(t) = H[1− (1 + βt+ αt3)e−βt]. (2)
Therefore, the capillary velocity h˙(t) = H(αβt2 − 3αt+
β2)te−βt and acceleration h¨(t) = −H(αβ2t3 + β3t −
6αβt2 + 6αt − β2)e−βt, where β =
√
6g
7a , and α ≈
7µσ cos θ
12ρ2a5 − 115
(√
6g
7a
)3
. The solution in Eq.(2) is valid
for the entire time domain t ∈ [0,∞), which, to the au-
thor’s knowledge, has never been reported in literature.
The solution in Eq.(2) reveals that the capillary rise
h(t) is mainly controlled by the H = 2σ cos θρga with the
decay rate of e
−
(√
6g
7a
)
t
, where the radius a is the only
dominant parameter, and the smaller radius represents
the fast decay.
For a validation and comparative study, the data of
the diethyl ether in glass, is shown in the table below I:
TABLE I: The diethyl ether in glass with arbitrary radius
µ [ kg
ms
] σ [ kg
s2
] θ g [m
s2
] ρ [ kg
m3
]
2.2 · 10−4 1.67 · 10−2 260 9.81 710
In this case, for any radius a, we have the capillary rise
H = 4.31a · 10−6, hence the analytical capillary rise is:
h(t) =
4.31 · 10−6
a
{1−
[1 +
2.9√
a
t+ (
3.821 · 10−12
a5
− 1.626
a3/2
)t3]e
− 2.9√
a
t}. (3)
In the case of tube radius a = 0.0005, the capillary rise,
the velocity and the acceleration are plotted in (a,b,c)
of Figure 2. Regarding the influence of radius change,
the Figure 2(d) shows that the capillary rise is sensitive
to the tube radius. The smaller the radius in which the
liquid can travel, the further it goes. Therefore, the glass
tube radius is a crucial and domination parameter for
capillary rise dynamics.
In conclusion, from Figure 2, the capillary rise dynam-
ics can be interpreted as follows: the capillary rise onsets
from an initial zero height and velocity at t = 0, the
surface tension, which is the first driving force that sup-
plies a kick-off acceleration at Hβ2. This surface tension
steadily drives the capillary rising at an almost uniform
speed until it reaches its peak at a certain point H; then
the capillary velocity h˙(t) is gradually reduced to zero
after short oscillation owing to the combined effect of
the wall viscous friction and gravity. At the same time,
the capillary acceleration h¨(t) decreases and reaches its
lowest point before it increases to its final static state.
Last, but not least, it may be worth pointing out
that all previous solutions were derived from the non-
oscillatory regime, however, when the liquid surface
reaches h = H, the surface will oscillate before asymptot-
ically ending. Within the oscillatory regime, the above
solutions can be modified by using perturbation method,
namely, by setting h(t) = H[1 + h˜(t)], where ˜h(t) is a
small perturbation [10].
I am grateful to Prof. Shijun Liao, Yapu Zhao and
Michael Sun for their interest and high level academic
comments from reviewers.
[1] E.W. Washburn, The dynamics of capillary flow. Physical
Review, 17, 3:273-283 (1921).
[2] B.V. Zhmud, F. Tiberg, K. Hallstensson, Dynamics of
capillary rise. J. Colloid and Interface Science, 228,2:263-
269 (2000).
[3] W.E. Brittin, Liquid rise in a capillary tube, J. Applied
Physics, 17:37-45 (1946).
[4] C.H. Bosanquet, On the flow of liquids into capillary
tubes. Philos. Mag. Ser. 6, 45:525-531 (1923).
[5] J. Szekely, A.W. Neumann, Y.K. Chuang, The rate of
capillary penetration and the applicability of the wash-
burn equation. J. Colloid and Interface Science, 35, 273-
278 (1971).
[6] F. Maggi, F. Alonso-Marroquin, Multiphase capillary
flows. Int. J. of Multiphase Flow 42 (Supplement C), 62-
73 (2012).
[7] W.M. Bush. Interfacial Phenomena, MIT (2013).
[8] Y.P. Zhao, Bridging length and time scales in moving
contact line problems. Science China Physics, Mechanics,
Astronomy, 59(11): 114631(2016).
[9] B.H. Sun, On the solution of capillary rise dynamics,
chinaXiv:201709.00179v3 (2017).
[10] X.X. Zhong, B.H. Sun, S.J. Liao, A singularity-free an-
alytic solution of rise dynamics of a liquid in a verti-
3cal cylindrical capillary, arXiv:1801.07824v1 [physics.flu-
dyn] 24 Jan 2018.
40.00 0.05 0.10 0.15 0.20 0.25 0.30
0.000
0.002
0.004
0.006
0.008
0.010
 Zhmud et al.
 present
t(second)
ca
pi
lla
ry
 ri
se
 (m
)
(a)
0.00 0.05 0.10 0.15 0.20 0.25 0.30
-0.1
0.0
0.1
0.2
0.3
0.4
0.5
ca
pi
lla
ry
 ri
se
 v
el
oc
ity
 (m
/s
)
t(second)
 present
(b)
0.00 0.05 0.10 0.15 0.20 0.25 0.30
-20
0
20
40
60
80
100
120
140
160
ca
pi
lla
ry
 ri
se
 a
cc
el
er
at
io
n 
(m
/s
2 )
t (second)
 present
(c)
0.00 0.05 0.10 0.15 0.20 0.25 0.30
0.0000
0.0002
0.0004
0.0006
0.0008
0.0010
0.0012
0.0014
0.0016
0.0018
0.0020
0.0022
0.0024
 a=0.008
 a=0.003
 a=0.005
 a=0.002
t (second)
ca
pi
lla
ry
 ri
se
 (m
)
(d)
FIG. 2: (a) The capillary rise h(t) =
0.00862
[
1− (1 + 129.68t− 23112.54t3)e−129.68t] is fairly
agree with Zhmud et al. [2]; (b) the capillary velocity h˙(t) =
−25836t(t+ 0.06)(t− 0.08)e−129.68t; (c) the capillary acceler-
ation h¨(t) = 3350496(t+ 0.006)(t− 0.008)(t− 0.096)e−129.68t,
(d) four different tube radius comparison, which shows that
the tube radius is domination parameter in the dynamics.
